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QUANTUM TOROIDAL ALGEBRAS AND MOTIVIC HALL ALGEBRAS
I. HALL ALGEBRAS FOR SINGULAR ELLIPTIC CURVES
SHINTAROU YANAGIDA
Abstract. We consider the motivic Hall algebra of coherent sheaves over an irreducible
reduced projective curve of arithmetic genus 1. We introduce the composition subalgebra
in the singular curve case, and show that it is isomorphic to the composition subalgebra
for a smooth elliptic curve. As in the case of smooth elliptic case studied by Burban and
Schiffmann, the reduced Drinfeld double of the composition subalgebra is isomorphic to
the quantum toroidal algebra for gl1 (also called Ding-Iohara-Miki algebra), and it inherits
automorphisms induced from equivalences of the associated derived category. We show that
one of the non-trivial automorphisms coincide with the one constructed by Miki in a purely
algebraic manner.
0. Introduction
This paper is the first part of the study on the relationship between the quantum toroidal
algebras and the motivic Hall algebras of projective curves of arithmetic genus one. In this
paper we prepare some generalities on motivic Hall algebras and restate known result on the
Ringel-Hall algebras for curves. The new results given in this paper is relatively few.
This paper arises from the investigation of what should be called the quantum toroidal
algebra for gl1. We will denote it by U¨. It has two parameters q1 and q2. This name
comes from the quantum toroidal algebra for gln (n ≥ 2) introduced in the work [GKV95]
of Ginzburg, Kapranov and Vasserot in the middle 1990s.
The algebra U¨ has several other names. As far as we know, it was first introduced in
the work [BuS12] of Burban and Schiffmann with the name (reduced Drinfeld double of)
elliptic Hall algebra. Miki [Mi07] called (q, γ)-analog of W1+∞, In the paper [FHHSY],
B. Feigin, Hashizume, Hoshino, Shiraishi and the author called it the Ding-Iohara algebra.
In the paper [FT11], B. Feigin and Tsymbaliuk also used the same name. The papers
[FFJMM1, FFJMM2] of B. Feigin, E. Feigin, Jimbo, Miwa and Mukhin called quantum
continuous gl∞.
The structure of U¨ looks complicated when it is considered as an analogue of quantum
affine algebra. However, following the approach of [BuS12], we have rather clear understand-
ing of this algebra when we consider it as the reduced Drinfeld double of the Ringel-Hall
algebra for a smooth elliptic curve Esm defined over a finite field Fq. It has a natural Z
2-
grading, where Z2 appears as Num(Coh(Esm)), the numerical Grothendieck group of the
category Coh(Esm) of coherent sheaves.
Burban and Schiffmann also constructed an action of Aut(Dbcoh(Esm)) on the algebra U¨.
They identified an action by a certain Fourier-Mukai transform with the with Miki’s auto-
morphism θ.
Now we want to consider the Ringel-Hall algebra of coherent sheaves over a singular elliptic
curve E. The first main theorem is that the composition subalgebra is isomorphic to that
for a smooth elliptic curve.
Theorem (Theorem 7.3). Denote by U(E) the composition subalgebra of the Ringel-Hall
algebra for E. Denote by DredU(E) the reduced Drinfeld double of the bialgebra U(E) Then
DredU(E) is isomorphic to U¨, where the parameter q1, q2 in U¨ appears as the inverse of the
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zeros of the motivic zeta function of E. Namely we put
ζmot(E; z) =
(1− q1z)(1 − q2z)
(1− z)(1− qz) .
As in the case for a smooth elliptic curve studied by Burban and Schiffmann, the reduced
Drinfeld double of the composition subalgebra, isomorphic to the so-called Ding-Iohara-
Miki algebra, inherits automorphisms induced from equivalences of the associated derived
category. We will show that one of the non-trivial automorphisms coincides with the one
constructed by Miki for Ding-Iohara-Miki algebra.
Theorem (Theorem 7.4). There is a Fourier-Mukai transform inducing the algebra auto-
morphism ΦH = θ on DredU(E) = U¨.
In the course of the study, we find that the motivic formalism of Hall algebras is convenient
to circumvent technical issues on Fourier-Mukai transforms. In this paper we deal with
generalities on the motivic Hall algebra for projective curves, and introduce the motivic
analogue of the notions around the Ringel-Hall algebras (including the motivic version of
the twisted and the extended Ringel-Hall algebras). The theorems cited above will be stated
in the motivic language.
Let us briefly spell out the organization of this paper.
In §1 we give the definition of the gl1-quantum toroidal algebra U¨.
§2 is the preparation of the Grothendieck group of varieties and stacks. It will be used in
the next §3 for the introduction of the motivic Hall algebras. We also introduce Kapranov’s
motivic zeta function, for it will be identified with the structure constant (function) of the
quantum toroidal algebra.
In the section §3 we also introduce motivic analog of the notions related to the ordinary
Ringel-Hall algebras.
The sections §§4 – 6 are restatement of the known results on the Ringel-Hall algebras for
a smooth curve defined on a finite field. We dare to include these facts in this paper for
there is little literature treating concrete examples of motivic Hall algebras.
In the final section we will give the main results of the paper. This part is relatively short
since the proofs will be almost done in the previous sections.
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Notation. The letter k denotes a field which will be a fixed one in each context.
We denote categories by sans-serif letters like A and S. For example, Coh(X) denotes the
category of coherent sheaves on a scheme X .
We denote stacks by Fraktur letters like M and X. For example, M = M(X) will denote
the moduli stack of coherent sheaves on a smooth projective variety X .
A coherent sheaf will be denoted by a calligraphy letter like E .
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For an abelian category A, the associated Grothendieck group will be denoted by K(A).
The class of an object a ∈ A in the Grothendieck group will be denoted by a ∈ K(A).
1. Quantum toroidal algebra for gl1
We follow This definition is given in the paper [FJMM] of B. Feigin, Jimbo, Miwa and
Mukhin.
1.1. Definition. Let d and q be complex numbers such that
q1 := dq
−1, q2 := q2, q3 := d−1q−1
satisfies
qn11 q
n2
2 q
n3
3 = 1 for n1, n2, n3 ∈ Z ⇐⇒ n1 = n2 = n3.
Definition 1.1. The quantum toroidal algebra for gl1, denoted by U¨, is an associative
C-algebra generated by
Ek, Fk, Hr, K
±1, q±c (k ∈ Z, r ∈ Z/{0}).
with the following defining relation.
KK−1 = K−1K = 1, q±c are central, qcq−c = q−cqc = 1,
K±(z)K±(w) = K±(w)K±(z),
g(q−cz, w)
g(qcz, w)
K−(z)K+(w) =
g(w, q−cz)
g(w, qcz)
K+(w)K−(z),
g(z, w)K±(q(1∓1)c/2z)E(w) + g(w, z)E(w)K±(q(1∓1)c/2z) = 0,
g(w, z)K±(q(1±1)c/2z)F (w) + g(z, w)F (w)K±(q(1±1)c/2z) = 0,
[E(z), F (w)] =
1
q − q−1 (δ(q
cw/z)K+(z)− δ(qcz/w)K−(w)),
g(z, w)E(z)E(w) + g(w, z)E(w)E(z) = 0,
g(w, z)F (z)F (w) + g(z, w)F (w)F (z) = 0
Symz1,z2[X(z1), [X(z2), X(w)]q]q−1 = 0 (X = E or F ).
Here we used the current expression
E(z) :=
∑
k∈Z
Ekz
−k, F (z) :=
∑
k∈Z
Fkz
−k,
K±(z) := K±1 exp
(
±(q − q−1)
∞∑
r=1
H±rz∓r
)
.
We also used the functions g(z, w) given by
g(z, w) := (z − q1w)(z − q2w)(z − q3w).
Finally, in the last line we used the symbol Symz,w for the symmetrizer with respect to z, w,
and [X, Y ]q := XY − qY X .
U¨ can also be considered as an associative algebra defined over Q(q1, q2) with q3 := q
−1
1 q
−1
2 .
In §6, we will treat U¨ in this way.
The algebra U¨ is Z2-graded by the degree assignment
deg(Ek) = (1, k), deg(Fk) = (−1, k), deg(Hr) = (0, r),
deg(K) = deg(K−1) = deg(q±c) = (0, 0),
The algebra U¨ has also a formal coproduct
∆E(z) = E(z)⊗ 1 +K−(C1z)⊗ E(C1z), ∆F (z) = F (C2z)⊗K+(C2z) + 1⊗ F (z),
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Figure 1. Grading on U¨
∆K+(z) = K+(z)⊗K+(C−11 z), ∆K−(z) = K−(C−12 z)⊗K−(z), ∆qc = qc ⊗ qc
with C1 := q
c⊗1 and C2 := 1⊗qc. This coproduct gives U¨ the structure of formal bialgebra.
1.2. Automorphism. In [Mi07, Theorem 2.1], Miki constructed an (algebra) automor-
phism θ of U¨ such that
E0 7→ −qcH−1, F0 7→ aqcH1,
H1 7→ E0, H−1 7→ −aF0,
qc 7→ K, K 7→ q−c
for some coefficient a. The automorphism θ exchanges the Heisenberg subalgebras ah and
av living on the axes in the Z
2 (expressing the grading of the algebra).
ah
av
θ−1
Figure 2. The automorphism θ
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2. The Grothendieck ring of algebraic varieties and stacks
This section is devoted to the introduction of the Grothendieck rings of varieties and
stacks, which will be used as the coefficient ring of the motivic Hall algebra.
2.1. Definitions. Let k be an arbitrary field. By a “variety over k”, we mean a reduced and
separated scheme of finite type over k. Denote by Var/k the category of varieties over k.
Definition 2.1. The Grothendieck group K(Var/k) of varieties over k is the quotient of the
free abelian group on isomorphism classes of varieties over k, by the relations of the form
[X ] = [Y ] + [X \ Y ],
where Y is a closed subvariety of the variety X and X \ Y is the complementary open
subvariety.
We consider the product on K(Var/k) given by
[X ] · [Y ] = [(X × Y )red],
where the product is understood to be over Spec(k). It makes K(Var/k) a commutative
associative ring with the unit 1 = [Spec(k)]. Hereafter we call this ring by the Grothendieck
ring of varieties over k.
We denote by
L := [A1] ∈ K(Var/k)
the class of the affine line.
Let us see some examples of computations.
Lemma 2.2. (1) For the d-th general linear group GLd,
[GLd] = L
d(d−1)/2
d∏
k=1
(Lk − 1) = Ld(d−1)/2(L− 1)d[d]+L !,
where [n]+q := 1 + q + · · ·+ qn−1 and [n]+q ! := [1]+q · [2]+q · · · · · [n]+q for n ∈ Z≥0 and q
an indeterminate.
(2) For the Grassmann variety Gr(d, n) with 0 ≤ d ≤ n,
[Gr(d, n)] =
[
n
d
]+
L
:=
[n]+L !
[d]+L ![n− d]+L !
.
Proof. (1) See [Br12, Lemma 2.6].
(2) Considering the transitive action of GLn on Gr(d, n), we have [Gr(d, n)] = [GLn] ·
[GLn,d], where GLn,d is the isotropy subgroup of the fixed d-dimensional subspace k
d of
the total n-dimensional space kn. Since GLn,d ≃ GLd×GLn−d×Md,n−d, where Mp,q is the
collection of p× q matrices, we have
[GLn] = [Gr(d, n)] · [GLn,d]
= [Gr(d, n)] · [GLd] · [GLn−d] · Ld(n−d).
Using (1), one can check the result immediately. 
2.2. Kapranov’s motivic zeta function. Let us now introduce another example of the
calculation in K(Var/k), namely Kapranov’s motivic zeta function [K]. This function is
important since it will appear in the study of motivic Hall algebra of curve as the “structure
function”.
Let us recall the symmetric product of a variety. Let X be a quasi-projective variety over
k. For every n ∈ Z≥1, we have a natural action of the symmetric group Sn on the product
Xn. Since Xn is again quasi-projective, the quotient of Xn by Sn exists. This is the n-th
symmetric product of X , which we denote by Symn(X). We define Sym0(X) := Spec(k) for
convention.
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If k is perfect, then Xn is reduced, so that Symn(X) is also reduced.
Kapranov [K] introduced the motivic analogue of the Hasse-Weil zeta functions for varieties
as the generating series of the classes of the symmetric products in the Grothendieck ring
K(Var/k). Before writing down the definition, we follow [Mus] to introduce a description of
K(Var/k) in terms of quasi-projective varieties.
Definition 2.3. Let K˜(Var/k) be the quotient of K(Var/k) by the subgroup generated by
the relations [X ] − [Y ], where there is a a radicial surjective morphism X → Y of varieties
over k.
Note that K˜(Var/k) is a quotient ring of K(Var/k). This is because if f : X → Y is
surjective and radicial, then for every variety Z, the morphism f × IdZ : X × Z → Y × Z
is surjective and radicial, for f × IdZ is the base-change of f with respect to the projection
Y × Z → Y .
If char(k) = 0, then the canonical quotient map K(Var/k)→ K˜(Var/k) is an isomorphism.
Definition 2.4. (1) Let Kqpr(Var/k) be the quotient of the free abelian group on iso-
morphism classes of quasi-projective varieties over k, modulo the relations
[X ] = [Y ] + [X \ Y ]
where X is a quasi-projective variety and Y is a closed subvariety of X . We have a
group homomorphism from Kqpr(Var/k) to K(Var/k). Denote it by
Φ : Kqpr(Var/k)→ K(Var/k).
(2) Define K˜qpr(Var/k) to be the quotient of Kqpr(Var/k) by the relations [X ]−[Y ], where
we have a surjective, radicial morphism of quasi-projective varieties f : X → Y .
Denote the corresponding group homomorphism by
Φ˜ : K˜qpr(Var/k)→ K˜qpr(Var/k).
Fact 2.5 ([Mus, Proposition 7.27]). If char(k) = 0, then Φ and Φ˜ are both isomorphisms.
Now we can explain the definition of the motivic zeta function.
Definition 2.6 ([K, Mus] ). For a quasi-projective variety X over a field k, the motivic zeta
function of X is defined to be
ζmot(X ; z) :=
∑
n≥0
[Symn(X)]zn ∈ 1 + z · K˜(Var/k)[[z]].
Fact 2.7 ([Mus, Proposition 7.28]). Assume k is perfect. The map [X ] → ζmot(X ; z) for X
a quasi-projective variety defines a group homomorphism K(Var/k) → 1 + t · K˜(Var/k)[[t]],
which factors through K˜(Var/k).
Here is the rationality result of the motivic zeta function for a smooth projective curve,
originally proved by Kapranov.
Fact 2.8 ([K, (1.1.9) Theorem], [Mus, Theorem 7.33]). Let k be a perfect field. If X is a
smooth, geometrically connected, projective curve of genus g over k which has a k-rational
point, then ζmot(X ; z) is a rational function. Moreover, we have
ζmot(X ; z) =
f(z)
(1− z)(1− Lz)
for a polynomial f of degree ≤ 2g with coefficients in K˜(Var/k).
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Proof. One can prove this statement similarly as in the case of the classical Hasse-Weil zeta
function. Assume for simplicity that k is algebraically closed, so that a line bundle of degree
1 exists on X . Recall that the Abel map a : Symd(X) → Pic0(X) to the Picard variety of
degree 0 is the projective bundle with the fiber a−1(L) ∼= P(H0(X,L)∨) for each L ∈ Pic0(X),
so by the Riemann-Roch formula the fiber is isomorphic to Pd−gk for d ≥ 2g − 1, where Pnk
denotes the projective space of dimension n over k. Thus we have
ζmot(X ; z) =
2g−2∑
d=0
[Symd(X)]zd +
∑
d≥min{2g−1,0}
[Pic0(X)] · [Pd−gk ]zd.
If g ≥ 1, then a calculation gives
ζmot(X ; z) =
2g−2∑
d=0
[Symd(X)]zd +
[Pic0(X)]
(1− z)(1 − Lz)
(L1−g − 1) + z(L− L1−g)
L− 1 ,
and this expression gives the consequence. The case g = 0 is
ζmot(P
1; z) =
1
(1− z)(1− Lz) . (2.1)
For the proof in the case of the general base field k, see [Mus]. 
2.3. Grothendieck ring of stacks. By the word ‘stack’, we mean an Artin stack which
is locally of finite type over k unless otherwise stated. We denote by St/k the 2-category of
Artin stacks of finite type over k. Given a scheme S over k and a stack X, we denote by X(S)
the groupoid of S-valued points of X.
Definition 2.9. (1) A stack X locally of finite type over k is said to have affine stabilizers
if for every k-valued point x ∈ X(k) the group Isok(x, x) of isomorphisms is affine.
(2) A morphism f : X → Y in the category St/k will be called a geometric bijection
if it is representable and the induced functor on groupoids of k-valued points f(k) :
X(k)→ Y(k) is an equivalence of categories.
Definition 2.10. Let K(St/k) be the free abelian group spanned by isomorphism classes of
stacks of finite type over k with affine stabilizers, modulo relations
(a) [X1 ⊔ X2] = [X1] + [X2] for every pair of stacks X1 and X2,
(b) [X] = [Y] for every geometric bijection f : X→ Y,
(c) [X1] = [X2] for every pair of Zariski fibrations fi : Xi → Y with the same fibres.
Although our abelian group K(St/k) looks extremely large, there is a comparison between
K(St/k) and the K(Var/k). Fiber product of stacks over k gives K(St/k) the structure of a
commutative ring. We have a homomorphism of commutative rings
K(Var/k) −→ K(St/k) (2.2)
by considering a variety as a representable stack. Now we cite
Fact 2.11 ([Br12, Lemma 3.9]). The morphism (2.2) induces an isomorphism of commutative
rings
Q : K(Var/C)
[
[GLd]
−1 | d ∈ Z≥1
] ∼−−→ K(St/C).
See also [T, Theorem 3.10] and [Joy07a, Theorem 4.10] for the related results.
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2.4. Relative Grothendieck ring. Fix an algebraic stack S which is locally of finite type
over k and has affine stabilizers. There is a 2-category of algebraic stacks over S. Let St/S
denote the full subcategory consisting of objects f : X→ S for which X is of finite type over
k. Such an object will be said to have affine stabilizers if the stack X has.
Definition 2.12. Let K(St/S) be the free abelian group spanned by isomorphism classes
of objects of St/S with affine stabilisers, modulo relations
(a) for every pair of objects f1 : X1 → S and f2 : X2 → S, a relation
[X1 ⊔ X2 f1⊔f2−−−−→ S] = [X1 f1−−→ S] + [X2 f2−−→ S]
(b) for every commutative diagram
X1
g
//
f1   ❆
❆❆
❆❆
❆❆
X2
f2~~⑥⑥
⑥⑥
⑥⑥
⑥
S
with g a geometric bijection, a relation
[X1
f1−−→ S] = [X2 f2−−→ S]
(c) for every pair of Zariski fibrations h1 : X1 → Y and h2 : X2 → Y with the same
fibers, and every morphism g : Y→ S, a relation
[X1
g◦h1−−−−→ S] = [X1 g◦h2−−−−→ S].
The group K(St/S) has the structure of a K(St/k)-module, defined by setting
[X] · [Y f−−→ S] = [X×Y f◦p2−−−−→ S]
and extending linearly.
Fact 2.13 ([Br12, §3.5]). Assume that all stacks appearing have affine stabilizers.
(1) A morphism of stacks a : S → T induces a pushforward morphism of K(St/k)-
modules
a∗ : K(St/S) −→ K(St/T)
sending [X
f−−→ S] to [X a◦f−−−→ T].
(2) A morphism of stacks a : S → T of finite type induces a pullback morphism of
K(St/k)-modules
a∗ : K(St/T) −→ K(St/S)
sending [Y
g−−→ T] to [X f−−→ S], where f is the morphism appearing in the following
Cartesian square.
X //
f

Y
g

S a
// T
(3) The pushforwards and pullbacks are functorial, i.e., (b◦a)∗ = b∗◦a∗ and (b◦a)∗ = a∗◦b∗
for composable morphisms a, b of stacks with the required properties.
(4) Given a Cartesian square
U
c
//
d

V
b

S a
// T
of stacks, we have
b∗ ◦ a∗ = c∗ ◦ d∗ : K(St/S) −→ K(St/V).
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(5) For every pair of stacks (S1,S2), we have a morphism (Ku¨nneth morphism)
K : K(St/S1)⊗K(St/S2) −→ K(St/S1 ×S2)
of K(St/k)-modules given by
[X1
f1−−→ S1]⊗ [X2 f2−−→ S2] 7−→ [X1 × X2 f1×f2−−−−→ S1 ×S2].
3. Motivic Hall algebra
In this section we recall the notion of the motivic Hall algebra originally given by Joyce
[Joy07b] for the framework of the Donaldson-Thomas type curve-counting invariant [Joy06a,
Joy07a, Joy06b, JS12]. We mainly follow the notations given in the paper of Bridgeland
[Br12].
Fix a field k, and let X be a projective variety over k.
Denote by Coh(X) the category of coherent sheaves on X , and by Dbcoh(X) the bounded
derived category of OX -modules whose cohomology sheaves are coherent and which are zero
except for only finitely many degrees.
Recall that an object of Dbcoh(X) is called perfect if it is isomorphic in D
b
coh(X) to a bounded
complex of locally free sheaves of finite rank. A sheaf is called perfect if it is perfect as an
object of Dbcoh(X). If X is smooth, then every object of D
b
coh(X) is perfect.
3.1. Moduli of flags. We begin with the setting of moduli stacks of flags of coherent sheaves
on X . Since we are considering projective varieties which are not necessarily smooth, the
phrase ‘perfect’ will appear to circumvent technical issues. As mentioned above, if X is
smooth, then one may remove the perfectness condition.
Let M(n) = M(n)(X) denote the moduli stack of n-flags of perfect coherent sheaves on X .
The objects over a scheme S are chains of monomorphisms of perfect coherent sheaves on
S ×X of the form
0 = E0 →֒ E1 →֒ · · · →֒ En = E (3.1)
such that each factor Fi := Ei/Ei−1 is S-flat. If
0 = E ′0 →֒ E ′1 →֒ · · · →֒ E ′n = E
is another such object over a scheme T , then a morphism in M(n) lying over a morphism of
schemes f : T → S is a collection of isomorphisms of sheaves
θi : f
∗(Ei)→ E ′i
such that each diagram
f ∗(Ei) //
θi

f ∗(Ei+1)
θi+1

E ′i // E ′i+1
commutes. We also denote M := M(1).
As in [Br12, Lemma 4.1], one can show that M(n) is an algebraic stack using the relative
Quot scheme and induction on n.
There are morphisms of stacks
ai : M
(n) −→M
for 1 ≤ i ≤ n, defined by sending a flag (3.1) to its i-th factor Fi = Ei/Ei−1. There is another
morphism
b : M(n) −→M
sending a flag (3.1) to the sheaf En = E .
The morphisms ai’s and b satisfy the iso-fibration property in the sense of [Br12, §A.1].
A morphism f : X → Y of stacks is called an iso-fibration if the following holds. Let S be
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any scheme and θ : a → b be an isomorphism in the groupoid Y(S). Suppose there is an
a′ ∈ X(S) such that f(a′) = a. Then there is an isomorphism θ′ : a′ → b′ in X(S) such that
f(θ′) = θ. See [Br12, Lemma A.1] for the claim which yields the iso-fibration property of
ai’s and b.
Using the iso-fibration property of the morphisms ai and b, we find that for n ∈ Z>1 there
is a Cartesian square
M(n)
t
//
s

M(2)
a1

M(n−1)
b
//M
,
where s and t send a flag (3.1) to the flags
E1 →֒ · · · →֒ En−1 and En−1 →֒ En
respectively.
As noted in [Br12], the morphism (a1, a2) is not representable. However the following
lemma holds, and it will be used for the definition of the motivic Hall algebra.
Lemma 3.1. The morphism (a1, a2) is of finite type.
Proof. The proof of [Br12, Lemma 4.2] using regularity of sheaves can be applied in our
situation since we are considering the perfect sheaves. 
3.2. The definition of the motivic Hall algebra. Recall that we denote by M = M(X)
the moduli stack of coherent sheaves over the smooth projective variety X .
Definition 3.2. (1) Set
H(X) := K(St/M).
(2) Consider the diagram
M(2)
b
//
(a1,a2)

M
M×M
where the morphisms a1, a2 and b send a flag E1 →֒ E to the sheaves E1, E/E1
and E respectively. Now introduce a morphism m : H(X) ⊗ H(X) −→ H(X) of
K(St/k)-modules by the composition
m : H(X)× H(X) =K(St/M)×K(St/M) K−−→ K(St/M×M)
(a1,a2)∗−−−−−→ K(St/M(2)) b∗−−→ K(St/M) = H(X),
which we call the convolution product. We will also use the symbol ⋄ for the convo-
lution product as a binary operator.
Remark 3.3. The convolution product can be rewritten as
[X1
f1−−→M] ⋄ [X2 f2−−→M] = [Z b◦h−−−→M],
where Z and h are defined by the following Cartesian square.
Z
h
//

M(2)
b
//
(a1,a2)

M
X1 × X2
f1×f2
//M×M
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Fact 3.4 ([Br12, Theorem 4.3]). The convolution product m gives H(X) the structure of
an associative unital algebra over K(St/k). The unit element is 1 := [M0 →֒ M], where
M0 ≃ Spec(k) is the substack of zero objects.
3.3. Coproduct. As in the case of the ordinary Ringel-Hall algebra, the motivic Hall algebra
H(X) has a coproduct, and if dimX = 1 then H(X) is a bialgebra. Also one can introduce
the extended algebra and the Hall pairing similar to the ordinary Ringel-Hall algebra. In
this subsection we introduce the motivic version of these notions. We assume the readers
are familiar to the ordinary Ringel-Hall case, and omit some detailed arguments. For the
ordinary case, we cite [G95] as the original literature, and cite [S, Lect. 1] as a nice review.
Hereafter let X be a smooth projective variety over a field k. The Euler form
χ(E ,F) :=
∑
i
dimk Ext
i(E ,F)
on the category Coh(X) induces a bilinear form on the Grothendieck group K(Coh(X)).
Denote the left radical with respect to this form by K(Coh(X))⊥, and set
Num(X) := K(Coh(X))/K(Coh(X))⊥, (3.2)
which is usually called the numerical Grothendieck group. Let
Γ ⊂ Num(X)
be the submonoid generated by the effective classes. Throughout this paper, an element of
K(Coh(X)) or Num(X) representing E ∈ Coh(X) is denoted by
E ∈ K(Coh(X)) or Num(X).
Then the stack M = M(X) has a decomposition
M =
⊔
α∈Γ
Mα.
Here Mα denotes the open and closed substack of M(X) whose objects have the classes
α ∈ Γ in Num(X)..
The injectionMα →֒M induces aK(St/k)-module injective homomorphismK(St/Mα) →֒
K(St/M), and the above decomposition yields the direct sum decomposition
H(X) =
⊕
α∈Γ
H(X)α, H(X)α := K(St/Mα) (3.3)
of K(St/k)-module. Then H(X) is a Γ-graded algebra with respect to ⋄.
Let us fix a square root L1/2 =
√
L of L, and set
K := K(St/k)[L±1/2].
Definition 3.5. (1) Let Htw(X) be the K-algebra structure on H(X) = K(St/M(X))
with the product
xα ∗ xβ := Lχ(α,β)/2xα ⋄ xβ .
Here xα (resp. xβ) is an element of H(X)α (resp. H(X)β) in the decomposition (3.3).
(2) Let Hext(X) be the K-algebra which is obtained as an extension of Htw(X) by
{kα | α ∈ Num(X)}
with the following relations.
kα ∗ kβ = kα+β , kα ∗ xβ = L
(
χ(α,β)+χ(β,α)
)
/2xβ ∗ kα. (3.4)
Here α, β ∈ Num(X) and xβ ∈ H(X)β.
We immediately have
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Lemma 3.6. The extended motivic Hall algebra Hext(X) is Γ-graded algebra with respect to
∗.
Next we introduce the motivic version of the Green coproduct [G95]. Denote by ⊗̂ the
completion of the tensor product with respect to the grading (3.3).
Definition 3.7. (1) Define ∆ : H(X) −→ H(X) ⊗̂H(X) as
∆ : H(X) =K(St/M)
b∗−−→ K(St/M(2)) (a1,a2)∗−−−−−→ K(St/M×M)
−→ K(St/M) ⊗̂K(St/M) = H(X) ⊗̂H(X).
(2) Define ∆ : Hext(X) −→ Hext(X) ⊗̂Hext(X) by
∆(xkα) = δα ◦∆(x).
Here δα : H(X) ⊗̂H(X) −→ Hext(X) ⊗̂Hext(X) is defined as a linear extension of
δα(x⊗ yβ) := xkα+β ⊗ yβkα
with yβ ∈ H(X)β and x ∈ H(X).
As an immediate consequence of the ordinary Ringel-Hall algebra associated to a finitary
abelian category of global dimension 1 [G95], we have
Proposition 3.8. If X is a smooth projective curve over a field k, then Hext(X) is a K-
bialgebra with respect to ∗ and ∆.
Next we introduce the motivic version of Green’s scalar product.
Definition 3.9. Define the non-degenerate bilinear form (·, ·)H on Hext(X) by
(·, ·)H : Hext(X)⊗Hext(X)→ K,
([ME ]kα, [MF ]kβ)H := δE,F
L
(
χ(α,β)+χ(β,α)
)
/2
aE
,
where E ,F ∈ Coh(X) and ME (resp. MF) denotes the moduli stack of coherent sheaves
isomorphic to E (resp. F). The symbol [ME ] is the abbreviation of [ME →֒ M]. [MF ] is
similar. Finally
aE := [Aut(E)] ∈ K(Var/k)
is the class in K(Var/k) of the algebraic group of automorphisms of E .
Proposition 3.10. If X is a smooth projective curve, then (·, ·)H is a Hopf pairing, namely
(x ∗ y, z)H = (x⊗ y,∆z)H holds. Here the bilinear form on the tensor product is defined as
(x⊗ y, z ⊗ w)H := (x, z)H(y, w)H.
3.4. Steinitz’s classical Hall algebra and the subalgebra generated by torsion
sheaves. Before starting the detailed discussion of the motivic Hall algebra H(X) for a
smooth projective curve X , we summarize here the result on the classical Hall algebra of
Steinitz in terms of motivic language. It will be necessary for the argument on the subalgebra
of H(X) generated by the elements corresponding to torsion sheaves on X .
Consider a projective variety X defined over a fixed field k. The category Torperf(X)
of perfect torsion sheaves is abelian and closed under extension. If X is smooth, then
Torperf(X) = Tor(X), which is the category of torsion sheaves on X . Torperf(X) also has a
decomposition
Tor
perf(X) =
∏
x
Torx (3.5)
where x ranges over the set of regular points of X and Torx is the category of torsion sheaves
supported at x. Torx is equivalent to the category of finite-dimensional modules over the
local ring at x. If moreover dimX = 1, then, by the regularity of x, Torx is also equivalent
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to the category of nilpotent representations of the Jordan quiver over the residue field kx at
x.
Let us take a regular point x of a projective variety X , and denote by Mtor,x the moduli
stack of torsion sheaves supported on x. It is a substack of M = M(X), and we can apply
the definition and arguments of the motivic Hall algebra to Mtor,x.
Definition 3.11. For a regular point x ∈ X , let us denote by H(X)tor,x the motivic Hall
algebra which is K(St/Mtor,x) as a K-module.
Obviously H(X)tor,x is a subalgebra of H(X). If dimX = 1, then it is also a sub-bialgebra
since it is closed under the coproduct ∆.
Recall that the ordinary Ringel-Hall algebra of torsion sheaves supported at a closed
point is isomorphic to Steinitz’s classical Hall algebra (see [S, Lect. 2] for instance). Here
we present the result in the motivic language.
Lemma 3.12. Let Csm be a smooth projective curve.
(1) The bialgebra H(Csm)tor,x is commutative and co-commutative.
(2) As an algebra H(Csm)tor,x is isomorphic to polynomial algebra K[e1,x, e2,x, . . .] with
infinite generators {ed,x}d∈Z≥1.
(3) Denote by kx the residue field of the point x. Then for any d ∈ Z≥1 we have
∆(ed,x) =
d∑
r=0
L−r(d−r)x er,x ⊗ en−r,x,
where Lx = [A
1] ∈ K(Var/kx) is the class of affine line defined over the field kx.
(4) The Hall pairing (·, ·)H on H(Csm)tor,x is given by
(em,x, en,x)H =
δm,n
Lnx(1− L−1x )
(3.6)
Proof. For the ordinary Ringel-Hal algebra case, see for example [S, Theorem 2.6], where
the representation of Jordan quiver is utilized. The proof works in the motivic setting. 
Now let us turn to Steinitz’s Hal algebra. We follow [Mac95] on the notations of symmetric
functions.
Definition 3.13. (1) Denote by Λ the space of symmetric functions over Z.
(2) The n-th elementary symmetric function
∑
i1<i2<···<in xi1xi2 · · ·xin is denoted by en.
(3) Denote by pn :=
∑
i x
n
i the n-th power-sum symmetric function.
Recall that en’s give rise to a basis {eλ = eλ1eλ2 · · · }λ of Λ parametrized by partitions
λ = (λ1, λ2, . . .), and pn’s give rise to a Q-basis {pλ = pλ1pλ2 · · · }λ of Λ ⊗Z Q. Λ is an
associative commutative algebra under the (usual) multiplication. It also has a coassociative
cocommutative coproduct ∆ given by
∆(en) =
n∑
r=0
er ⊗ en−r, (3.7)
which makes Λ into a bialgebra. This bialgebra is also endowed with the Hopf pairing (·, ·)
give by
(pm, pn) = δm,n
n
qn − 1 . (3.8)
for an indeterminate q.
Definition 3.14. Denote by Λq the bialgebra Λ ⊗Z Q[q±1], where the product is given by
the multiplication of symmetric functions and the coproduct is given by (3.7). We always
consider Λq endowed with the Hall pairing (3.8).
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It is also well-known that the Hall-Littlewood symmetric functions form the unique or-
thonormal basis of Λ⊗ZQ[q±1] with respect to this pairing subject to a triangular condition
in the expansion with respect to monomial symmetric functions.
Comparing the bialgebra structures on Λq and H(Csm)tor,x, we have the following result.
Corollary 3.15. If Csm is a smooth projective curve and x is an arbitrary closed point of
Csm, then we have an isomorphism of bialgebras
φx : H(Csm)tor,x −→ ΛLx , ed,x 7−→ L−d(d−1)/2x ed.
This map is also an isometry in terms of the Hall pairing (·, ·)H given in (3.6) and the pairing
(·, ·) in (3.8).
Finally we will introduce some notations on the subalgebra of H(X) generated by torsion
sheaves. Let us go back to the general situation where X is a projective variety.
Definition 3.16. Let X be a projective variety.
(1) Denote by Mtor the moduli stack of perfect torsion sheaves on X .
(2) Denote by H(X)tor = K(St/Mtor) the motivic Hall algebra generated by perfect
torsion sheaves on X .
For a smooth curve Csm, H(Csm)tor is a sub-bialgebra of H(Csm) since Tor
perf(Csm) =
Tor(Csm) is closed under extension and splitting. For any projective variety X , the decom-
position (3.5) yields
H(X)tor =
⊗
x
H(X)tor,x
as K-algebras, where x runs over the set of regular points of X .
We close this subsection by introduction of elements of H(X)tor for future use.
Definition 3.17. For d ∈ Z≥1 define td,x ∈ H(X)tor,x by
td,x :=
[d]√L
deg(x)
d
φ−1x (pd/deg(x)) if deg(x)|d
0 otherwise
and
td :=
∑
x∈X
td,x ∈ H(X)tor.
Definition 3.18. Let M(0,d) be the moduli stack of perfect torsion sheaves on X with degree
d ∈ Z≥1. It is naturally a substack of M. Define the element 1(0,d) ∈ H(X) by
1(0,d) := [M(0,d) →֒M].
The final remark is
Lemma 3.19 ([S, Lemma 4.10]). The elements td ∈ H(X) satisfies
1 +
∑
d≥1
1(0,d)z
d = exp
(∑
d≥1
td
[d]√L
zd
)
. (3.9)
Proof. We copy the proof given in [S, Lemma 4.10]. In the decomposition H(X)tor ≃⊗
xH(X)tor,x we have
exp
(∑
d≥1
td
[d]
zd
)
=
∏
x
exp
(∑
d≥1
td,x
[d]
zd
)
and
1 +
∑
d≥1
1(0,d)z
d =
∏
x
(
1 +
∑
d≥1
1(0,d),xz
d
)
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with 1(0,d),x := [M(0,d),x →֒Mtor,x], it is enough to show that
exp
(∑
d≥1
td,x
[d]
zd
)
= 1 +
∑
d≥1
1(0,d),xz
d.
Using Definition 3.17, we have
exp
(∑
d≥1
td,x
[d]
zd
)
= φ−1x
(
exp
( ∑
deg(x)|d
zdpd/ deg(x)
deg(x)
d
))
= φ−1x
(
exp
(∑
d≥1
zddeg(x)
pd
d
))
= φ−1x
(
1 +
∑
d≥1
zd deg(x)hd
)
In the last equality we used the generating function formula of the complete symmetric
functions hn’s. Then by the definition of M(0,d),x we have the desired consequence. 
3.5. The composition subalgebra and the Drinfeld double. In this subsection C is a
projective curve over a field k. The motivic Hal algebra is in general too big to study, and we
want to introduce a subalgebra which is easy to handle. We follow the work of Schiffmann
and Vasserot [SV11, §6] where they consider the subalgebra generated by certain averages
of line bundles and torsion sheaves.
Definition 3.20. Let Mtor = Mtor(C) be the moduli stack of perfect torsion sheaves on C
and Mlf,1 = Mlf,1(C) be the moduli stack of line bundles on C.
(1) The subalgebra of Hext(C) generated by these substacks Mtor and Mlf,1 are called
the composition subalgebra and denoted by U(C).
(2) The subalgebra of Hext(C) generated by these substacks and {kα | α ∈ Num(C)} is
called the extended composition subalgebra and denoted by Uext(C).
Remark 3.21. (1) For n ∈ Z, denote byMlf,(1,n) the moduli stack of line bundles of degree
n. Also we set
1ss(1,n) := [Mlf,(1,n) →֒M] ∈ H(C).
(lf denotes the word ‘locally free’, and ss denotes the word ‘semi-stable’.) Recall the
elements td ∈ H(C)tor given in Definition 3.17. Then U(C) is generated by
1ss(1,n) (n ∈ Z), td (d ∈ Z≥1).
(2) For a line bundle L on C, let us denote by ML the moduli stack of coherent sheaves
isomorphic to L. Then we have Mlf,(1,n) = ⊔L∈Picn(C)ML. Thus 1ss(1,n) is a summation
of the elements associated to L. It corresponds to the generator∑L∈Picn(C)[L] of the
composition algebra in [SV11]. The generator of the other type
∑
T ∈Tor(C), deg(T )=d[T ]
appearing in [SV11] corresponds to our 1(0,d).
By the definition of the coproduct ∆, we have
Lemma 3.22. For a smooth curve Csm, U(Csm) and Uext(Csm) are closed under the coproduct
∆. Hence they are formal K-bialgebra.
Recalling that Γ ⊂ Num(C) is the submonoid generated by the effective classes (see (3.2)
and the lines below it), we also have
Lemma 3.23. U(C) and Uext(C) are Γ-graded algebras.
Next we recall the notion of Drinfeld double, following [Jos95, §3.2] and [BuS12, Appendix
B].
Fact 3.24 ([D86]). Let H be a (topological) bialgebra with a Hopf pairing (·, ·)H. Let
H+ := H be the bialgebra H itself, and H− be the bialgebra which is isomorphic to H
as algebra and equipped with the opposite coproduct. Finally let DH be the associative
algebra generated by H± modulo the relations
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(1) H± are subalgebras.
(2) For a, b ∈ H ∑
a−(1)b
+
(2)
(
a(2), b(1)
)
H
=
∑
b+(1)a
−
(2)
(
a(1), b(2)
)
H
.
Here we used the Sweedler notation ∆(a) =
∑
a(1) ⊗ a(2).
Then the multiplication map H+⊗H− → DH is an isomorphism of vector spaces, and DH
has a unique bialgebra structure such that the map H+ → DH given by a 7→ a⊗ 1 and the
one H− → DH given by a 7→ 1⊗ a are both injections of bialgebras.
Definition 3.25. We call DH the Drinfeld double of the bialgebra H with respect to the
Hopf pairing (·, ·)H.
We also need the reduced version of the Drinfeld double. Let g be a Kac-Moody Lie
algebra and g′ its derived algebra. Denote by Uq(b′) the quantum enveloping algebra of a
Borel subalgebra b′ ⊂ g′. It is closed under the coproduct and equipped with a Hopf pairing.
Fact 3.26 ([D86]). Let C[q±1][Ki | i ∈ I] be the quantised enveloping algebra of the Cartan
subalgebra h ⊂ b. Then we have an isomorphism of bialgebras
DUq(b
′)/〈Ki ⊗K−1i − 1 | i ∈ I〉 ≃ Uq(g),
Xiao [X97] introduced the reduced Drinfeld double for the ordinary Ringel-Hall algebra.
Here we mimic his definition in the motivic case.
Definition 3.27. Let Csm be an irreducible smooth curve and consider the motivic Hall
algebra H(Csm) and the extended algebra Hext(Csm) equipped with the Hopf pairing (·, ·)H
in Definition 3.9. Define the reduced Drinfeld double DredH(Csm) of H(Csm) to be
DredH(Csm) := DHext(Csm)/〈kα ⊗ k−1α − 1 | α ∈ Num(X)〉.
We may also consider the reduced Drinfeld double of the extended composition subalgebra
Uext(X), since it is a bialgebra with the Hopf pairing (·, ·)H and contains the extension part
{kα | α ∈ Num(X)}.
Definition 3.28. Denote by DredU(Csm) the reduced Drinfeld double of U(Csm), which is
defined to be
DredU(Csm) := DUext(Csm)/〈k+α ⊗ k−−α − 1 | α ∈ Num(Csm)〉.
We immediately have
Lemma 3.29. DredH(Csm) and DredU(Csm) are Num(Csm)-graded.
We also have the following triangular decomposition.
Lemma 3.30. The multiplication map gives an isomorphism
U(Csm)
+ ⊗K KX ⊗K U(Csm)− ∼−−→ DredU(Csm)
of modules over K = K(St/k)[L±1/2], where U(Csm)
± are the copies of U(Csm) and KCsm :=
K[Num(Csm)].
4. The case of projective line
In this section we review the work of Kapranov [K97], which identifies the composition
subalgebra of the Ringel-Hall algebra for the projective line P1 with the upper triangular part
of the quantum affine algebra Uv(ŝl2). We will present this review in terms of the motivic
Hall algebra. Several notations in this subsection are due to the review of Schiffmann [S]
and the paper of Burban and Schiffmann [BuS13]. Let us also refer the paper of Baumann
and Kassel [BaK01] for the detailed account.
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In this section we sometimes use the following symbols for d ∈ Z.
[d]√L :=
Ld/2 − L−d/2
L1/2 − L−1/2 = L
−(d−1)/2(1 + L+ · · ·+ Ld−1) ∈ K = K(St/C)[L±1/2]
4.1. The motivic Hall algebra of projective line. Let P1 be the projective line defined
over a fixed field k. In the setting of the last subsection, set M := M(P1), the moduli
stack of coherent sheaves on P1. Our algebra Hext(P
1) = K(St/M) is defined on the ring
K := K(St/k)[L±1/2].
Fact 4.1. The indecomposable objects of the category Coh(P1) are
(1) line bundles OP1(n) (n ∈ Z),
(2) torsion sheaves Ol[x] := OP1/mlx, where x is a closed point of P1 and l ∈ Z≥1.
Let us recall that the numerical Grothendieck group of Coh(P1) has the description
Num(Coh(P1)) ∼= Z2, induced by the map
Coh(P1) ∋ E 7−→ (rk(E), deg(E)) ∈ Z2
attaching the rank and degree to each coherent sheaf E. The Euler pairing is calculated as
χ
(
(r1, d1), (r2, d2)
)
= r1r2 + r1d2 − r2d1. (4.1)
In particular the extended part {kα | α ∈ Num(X)} of Hext(P1) is generated by the two
elements
k := k(1,0), c := k(0,1).
Thus, by Remark 3.21, the composition subalgebra U(P1) is generated by
1ss(1,n) (n ∈ Z), tr (r ∈ Z≥1), k, c,
where we set
1ss(1,n) := [Mlf,(1,n) →֒M] ∈ H(P1)
with Mlf,(1,n) the moduli stack of line bundles of degree n.
Now we can explain the relation of these generators derived by Kapranov [K97, §5], where
a general framework of the Hopf algebra of automorphic forms was used. Let us note that
Baumann and Kassel [BaK01] also computed the relation by giving explicit description of
extensions of line bundles and torsion sheaves.
Fact 4.2. The elements 1ss(1,n), tr, k and c satisfy the following relations.
(1) c is central.
(2) [k, tr] = 0 = [tr, ts] for all r, s ∈ Z≥1.
(3) k ∗ 1ss(1,n) = L1ss(1,n) ∗ k for all n ∈ Z.
(4) [tr, 1
ss
(1,n)] =
[2r]√
L
r
1ss(1,n+r) for all n ∈ Z and r ∈ Z≥1.
(5) 1ss(1,m)∗1ss(1,n+1)+1ss(1,n)∗1ss(1,m+1) = L−1(1ss(1,n+1)∗1ss(1,m)+1ss(1,m+1)∗1ss(1,n)) for allm,n ∈ Z.
Here [·, ·] denotes the commutator with respect to the product ∗ on Hext(P1).
Proof. We sketch the outline of the proof following [BaK01, §§2–3] and [S, §4.3].
The relation (1), [k, tr] = 0 in (2), and (3) can be obtained by the definition (3.4) of the
product ∗ and the formula (4.1). Namely, from χ((0, d1), (r2, d2)) + χ((r2, d2), (0, d1)) = 0
we obtain (1) and [k, tr] = 0. Also from χ
(
(1, 0), (1, n)
)
+χ
(
(1, n), (1, 0)
)
= 2 we obtain (3).
The relation [tr, ts] = 0 in (2) holds obviously since there is no non-trivial extension
between torsion sheaves.
For the relation (4), recall that an extension of the torsion sheaf Ol[x] by the line bundle
OP1(n) is isomorphic to OP1(n+m)⊕O(l−m)[x]:
0 // OP1(n) // OP1(n+m)⊕O(l−m)[x] // Ol[x] // 0 .
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Note that a morphism f : OP1(n) → OP1(n +m) ⊕ O(l−m)[x] is injective if and only if the
image of f is not included in O(l−m)[x]. Then by the formulas
dimkHom
(OP1(m),OP1(n)) = max(0, n−m+ 1),
dimkHom
(OP1(m),Ol[x]) = l
of the dimension of vector spaces of morphisms, we find that the stack of extensions of the
above form is given by P(Am+1 ×Al−m) \ P(Al−m), whose class in K(Var/k) is Ll−m[m+ 1]L
(by Lemma 2.2 (2)). Thus we have
1(0,l) ∗ 1ss(1,n) =
√
L
−l ∑
0≤m≤l
Ll−m[m+ 1]L[MO
P1
(n+m)⊕T →֒M]
=
∑
0≤m≤l
√
L
l−m
[m+ 1]√L [MOP1(n+m)⊕T →֒M]
=
∑
0≤m≤l
[m+ 1]√L 1
ss
(1,n+m) ∗ 1(0,l−m) (4.2)
HereMO
P1
(n+m)⊕T is the moduli stack of coherent sheaves isomorphic to OP1(n+m)⊕T with
T a torsion sheaf of degree l −m. In the last equality, we used the fact that the extension
in the opposite way is always trivial, i.e., Ext1(OP1(n),Ol[x]) = 0. Then the equation (4.2)
can be rewritten as
ζmot(P
1;w/
√
Lz)e(z)h(w) = h(w)e(z),
where we used the the generating series
e(z) :=
∑
n∈Z
1ss(1,n)z
n, h(z) :=
∑
l≥1
1(0,l)z
l
and the motivic zeta function (2.1) for P1. Now the relation (4) follows from the definition
(3.9) of tr.
Finally let us check the relation (5). An extension
0 // OP1(n) f // F g // OP1(m) // 0 (4.3)
is a non-trivial one only if m > n and F ≃ OP1(n + p) ⊕ OP1(m − p), with p ∈ Z and
1 ≤ p ≤ (m− n)/2.
Let us consider the non-trivial case. The space of extensions of this form with fixed p is
given by the space of non-trivial morphisms f : OP1(n) → OP1(n + p) ⊕ OP1(m − p) such
that the cokernel is a line bundle. Writing f = f1 ⊕ f2 with f1 : OP1(n) → OP1(n + p) and
f2 : OP1(n)→ OP1(m− p), the condition for f is that f1 and f2, considered as homogeneous
polynomials in k[z, w] of degrees p and m− n− p, are coprime. Let Pp,m−n−p be the stack of
such coprime polynomials (f1, f2). These Pa,b (a, b ∈ Z≥0) satisfy the following relation.
k[z, w]a × k[z, w]b =
min(a−d,b−d)∐
d=0
P(k[z, w]d)× Pa−d,b−d.
Here k[z, w]d denotes the set of homogeneous polynomials of degree d. In [BaK01, Lemma
9], the number of Fq-rational points of the set Pp,m−n−p is counted by the same relation, and
the answer is (q − 1)(qa+b+1 − 1) if a = 0 or b = 0, and (q − 1)(q2 − 1)qa+b−1 otherwise.
Similarly we have
[Pa,b] =
{
(L− 1)(La+b+1 − 1) if a = 0 or b = 0
(L− 1)(L2 − 1)La+b−1 otherwise .
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Let us come back to the counting extensions of the form (4.3). Since the automorphism O(n)
is given by A∗ (non-zero scalars) and [A∗] = L − 1, we see that the non-trivial extensions
give the term
(L2 − 1)Lm−n−1[MO(n+p)⊕O(m−p)]
in 1ss(1,m) ⋄ 1ss(1,n). Here MO(a)⊕O(b) with some a, b ∈ Z denotes the moduli stack of the vector
bundles isomorphic to O(a)⊕O(b).
In the case of the trivial extensions, i.e., F ≃ O(n) ⊕ O(m), let us write the morphisms
f, g as
f = f1 ⊕ f2, g = g1 ⊕ g2
with f1 ∈ End(O(n)), f2, g1 ∈ Hom(O(n),O(m)) and g2 ∈ End(O(m)). Then we see that
f1 and g2 are automorphisms, f2 is arbitrary and g1 = −g2 ◦ f2 ◦ f1. Thus the pair (f, g) is
parametrized by
Aut(O(n))× Aut(O(m))× Hom(O(n),O(m)).
Since the equivalent relations of the trivial extensions are given by Aut(O(n))×Aut(O(m)),
we see that the trivial extensions give the term
[Hom(O(n),O(m))][MO(n)⊕O(m)] = Lm−n+1[MO(n)⊕O(m)]
in 1ss(1,m) ⋄ 1ss(1,n).
Considering the twist factor
√
L
χ((1.m),(1,n))
=
√
L
1+m−n
in 1ss(1,m) ∗ 1ss(1,n), we finally have
1ss(1,m) ∗ 1ss(1,n) =
√
L
m−n+3
[MO(n)⊕O(m)] +
√
L
m−n−1
(L2 − 1)
⌊(m−n)/2⌋∑
p=1
[MO(n+p)⊕O(m−p)].
Now the relation (5) is an equivalent expression of this formula. 
4.2. Relation to the quantum affine algebra. Let us introduce symbols for the quantum
affine algebra of sl2. Let
Q = Zα⊕ Zδ
denote the root lattice of the affine Lie algebra associated to sl2. We begin with the obser-
vation due to Kapranov [K97].
Fact 4.3. The map
K(Coh(P1)) −→ Q, E 7−→ rk(E)α+ deg(E)δ
gives an isometry of lattieces, where the pairing on K(Coh(P1)) is given by the symmetrized
Euler form
(E1, E2) := χ(E1, E2) + χ(E2, E1),
and the pairing on Q is taken to be the Killing form.
By this identification, the isomorphic classes of indecomposable objects in Coh(P1) gives
the set of positive roots
Φ+ := {α + nδ | n ∈ Z} ⊔ {nδ | n ∈ Z≥1}.
Hereafter, it will be called the non-standard set of positive roots (following [S, Corollary
4,4]).
Let Lb+ be the Borel subalgebra of the loop algebra Lsl2. We understand that it our
subalgebra is associated to the non-standard set Φ+ of positive roots. Now we introduce the
Borel subalgebra Uv(Lb+) of the quantum loop algebra Uq(Lsl2) of sl2. We dare to write
down the definition for clarifying our argument.
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Definition 4.4. Let v be an indeterminate, and R be the subring of the field Q(v) consisting
of the rational functions having poles only at 0 or at roots of 1. The associative algebra
Uv(Lb+) over R is generated by
En, (n ∈ Z), Hl, (l ∈ Z \ {0}), K±1, C±1/2
with the relations
C±1/2 is central, C1/2C−1/2 = 1,
[K,Hl] = [Hl, Hm] = 0,
KEn = v
2EnK,
[Hl, En] =
[2l]v
l
C−|l|/2El+n,
Em+1En − v2EnEm+1 = v2EmEn+1 −En+1Em
with [2l]v :=
v2l−v−2l
v−v−1 .
We denote by U√L(Lb+) the specialization of Uv(Lb+) at v = 1/
√
L. Precisely speaking,
we set Q˜ := Q[v±1]/(v−2 − L) ≃ Q[√L] and U√L(Lb+) := Uv(Lb+)⊗R Q˜.
Now we can state the fundamental result. Recall that the element c in U(P1) is central.
Let us introduce c1/2 := k(0,1/2), which is the square root of c, and set
KP1 := K[c
±1/2] = K(St/k)[L±1/2, c±1/2].
Fact 4.5 ([BaK01, K97]). The assignment
En 7−→ 1ss(1,n) (n ∈ Z), Hl 7−→ tlc−l/2 (l ∈ Z \ {0}), K 7−→ k, C±1/2 7−→ c±1/2
extends to an isomorphism of algebras
U√L(Lb+)⊗Q˜ K
∼−−−→ U(P1)⊗K KP1 ⊂ Hext(P1)⊗K KP1 .
Proof. This is the consequence of Fact 4.2 and the definition of Uq(Lb+). 
4.3. The Drinfeld double. Next we want to consider the Drinfeld double. In order to do
that, we study the coproduct on Hext(P
1).
Fact 4.6 ([K97, Theorem 3.3]). (1) For any d ∈ Z≥1 we have
∆(td) = td ⊗ 1 + cd ⊗ td, (4.4)
(2) For any n ∈ Z the following equalities hold.
∆(1ss(1,n)) = 1
ss
(1,n) ⊗ 1 +
∑
l≥0
θlkc
n−l ⊗ 1ss(1,n−l). (4.5)
Here θl ∈ H(P1) (l ∈ Z≥0) is defined by the following generating function.∑
l≥0
θlz
l = exp
(
(L1/2 − L−1/2)
∑
d≥1
tdz
d
)
.
Proof. (1) Since the category of torsion sheaves is closed under taking subobjects and quo-
tients, we immediately find from Definition 3.7 of ∆ that
∆(1(0,d)) =
∑
m∈Z, 0≤m≤d
1(0,d−m)k(0,m) ⊗ 1(0,m).
Then using the relation (3.9) between 1(0,d)’s and td’s and the fact that c is central, we have
the consequence.
(2) Since censoring by line bundles preserves extensions, it is enough to study the case
n = 0, namely the decomposition of the trivial line bundle O. We sketch the outline following
[S, Example 4.12].
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It is enough to count the surjection O → ⊕iOni[xi]. Each morphism O → Oni[xi] is
parametrized by Hom(O,Oni[xi]) \ Hom(O,O(ni−1)[xi]), whose class in K(St/k) is equal to
L2ni(1− L−1), so that we have
∆(1ss(1,0)) = 1
ss
(1,0) ⊗ 1 +
∑
d≥0
Ld/2udk(1,−d)1
ss
(1,−d)
with
ud :=
∑
(xi,ni)
∏
i
(1− L−1)tni[xi],
where tn[x] := [M0,n[x] →֒ M] is the element corresponding to the moduli stack M0,n[x] of
torsion sheaves of degree n with support on x, and the summation is taken over the set of
tuples of distinct points xi’s and degrees ni’s with
∑
i ni = d. Finally a quick observation
yields Ld/2ud = θd. 
Remark 4.7. In the proof we don’t use the property of P1, but only use the property of a
smooth curve.
Next we study the Hall pairing (·, ·)H on U(P1).
Fact 4.8 ([BuS13, Lemma 4.4]). (1)
(td, tl)H = δd,l
1
d
[2d]√L
L1/2 − L−1/2 .
(2)
(td, θl)H = δd,l
[2d]√L
d
(4.6)
Proof. (1) Decomposing into the support, we have td =
∑
x∈P1 tx,d, where td,x is defined in
Definition 3.17. Recalling the value (3.6) of the Hall pairing, we can calculate (td, td)H as
follows.
(td, td)H =
∑
x∈P1
deg(x)
d
([d]√L)
2
Ld − 1 =
1
d
([d]√L)
2
Ld − 1 [P
1
d] =
1
d
[2d]√L
L1/2 − L−1/2 .
Here [P1d] ∈ K(Var/k) is given by
ζmot(P
1; z) = exp
(∑
d≥1
[P1d]
zd
d
)
(2) is a restatement of (1) in terms of θl. See [BuS13, Lemma 4.4] for the detail. 
Remark 4.9. The proof will also work for an arbitrary smooth curve.
Consider the algebra
D˜U(P1) := DredU(P
1)⊗K KP
which has a triangular decomposition
DU(P1)⊗K KP = U(P1)+ ⊗K K[Num(P1)][c±1/2]⊗K U(P1)−.
Following [BuS13, §4], we replace the generator t±d (d ∈ Z≥1) of U(P1)± by
t˜d := t
±
d c
∓d/2.
Then (4.4) is rewritten as
∆(t˜+d ) = t˜
+
d ⊗ c−d/2 + cd/2 ⊗ t˜+d .
It is also convenient to rewrite (4.5) as
∆(1ss,+(1,n)) = 1
ss,+
(1,n) ⊗ 1 +
∑
l≥0
θ˜+l kc
n−l/2 ⊗ 1ss,+(1,n−d)
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with
θ˜±d := θ
±
d c
∓d/2.
The formula (4.6) is rewritten as
(t˜d, θ˜l)H = δd,l
[2d]√L
d
Now by Definition 3.28 of the reduced Drinfeld double, the algebra D˜U(P1) is described in
the following way.
Proposition 4.10 ([BuS13, §4]). D˜U(P1) is the associative algebra with the generators
1ss,±(1,n) (n ∈ Z), t˜±d (d ∈ Z≥1), k±1, c±1/2
modulo the relation
(1) c±1/2 are central, c1/2c−1/2 = 1 and kk−1 = 1 = k−1k.
(2) [k, t˜±l ] = 0 = [t˜
±
l , t˜
±
m] = 0 for any l, m ∈ Z≥1.
(3) k1ss,±(1,n) = L
∓11ss,±(1,n)k for any n ∈ Z.
(4) For any d ∈ Z≥1 and n ∈ Z we have
[t˜±d , 1
ss,±
(1,n)] =
[2d]
d
1ss,±(1,n+d)c
∓d/2.
(5) For any d ∈ Z≥1 and n ∈ Z we have
[t˜±d , 1
ss,∓
(1,n)] = −
[2d]
d
1ss,∓(1,n−d)c
±d/2.
(6) For any d, l ∈ Z≥1 we have
[t˜+d , t˜
∓
l ] = δd,l
[2d]
d
c−d − cd
L1/2 − L−1/2 .
(7) For n,m ∈ Z we have
[1ss,+(1,m), 1
ss,−
(1,n)] =

1
1− L θ˜
+
n−mkc
(m+n)/2 if n > m
0 if n = m
1
L− 1 θ˜
−
m−nk
−1c−(m+n)/2 if n < m
.
Although we have already described the quantum loop algebra Uv(Lsl2) in Fact 3.26 as the
Drinfeld double of Uv(Lsl2), have we dare to write down the definition for the clarification.
Recall Definition 4.4 where we set R ⊂ Q(v) consisting of the rational functions having poles
only at 0 or at roots of 1.
Definition 4.11. Uv(Lsl2) is the associative algebra over R generated by
E±n (n ∈ Z), Hr (r ∈ Z \ {0}), K±1, C±1/2
subject to the following relations.
(1) C±1/2 are central, C1/2C−1/2 = 1 and KK−1 = K−1K = 1.
(2) [K,Hr] = 0 for any r ∈ Z \ {0}.
(3) [K,E±n ] = v
∓2E±nK for any n ∈ Z.
(4) For any r, s ∈ Z \ {0} we have
[Hr, Hs] = δr+s,0
[2r]v
r
Cm − C−m
v − v−1 .
(5) For any n ∈ Z and r ∈ Z \ {0} we have
[Hr, E
±
n ] = ±
[2r]v
r
E±n+rC
∓|r|/2.
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(6) For any m,n ∈ Z we have
E±mE
±
n+1 + E
±
n E
±
m+1 = v
±2(E±n+1E
±
m + E
±
m+1E
±
n ).
(7) For any m,n ∈ Z we have
[E+m, E
−
n ] =
v
v − v−1
(
Ψ+m+nC
(m−n)/2 −Ψ−m+nC(n−m)/2
)
Ksgn(m+n),
where sgn(n) denotes the sign of the integer n, and Ψ±±d (d ∈ Z≥1) are given by
1 +
∑
d≥1
Ψ±±dz
d = exp
(
±(v−1 − v)
∑
d≥1
H±dz
d
)
and Ψ±∓d = 0 (d ∈ Z≥1).
Remark 4.12. We followed [BuS13, Definition 4.9]. The choice of generators are crucial for
the construction of the isomorphism explained below.
Now we can state the main result of this section. Recall that Q˜ := Q[v±1]/(v−2 − L).
Theorem 4.13 ([BuS13, Proposition 4.11]). Let U√L(Lsl2) := Uv(Lsl2) ⊗R Q˜. Then the
map U√L(Lsl2)→ D˜U(P1) given by
E±n 7−→ 1ss,±(1,±n) (n ∈ Z), H±d 7−→ ±t˜±±d (d ∈ Z≥1), K 7−→ k, C1/2 7−→ c1/2
is an isomorphism of algebras.
Proof. One can show that the map sends Ψ±±l to θ˜±l for any l ∈ Z≥1. Then by comparing
the relations in Proposition 4.10 and Definition 4.11, one finds that the map is well-defined.
Now the map is checked to be an isomorphism with the help of the basis consisting of
the elements of the form E+λHµ+K
aCb/2E−ν Hµ− , where λ, µ
±, ν are non-decreasing finite
sequences of integers, E+λ := E
+
λ1
E+λ2 · · · and so on, and a, b ∈ Z. We omit the detail and
refer the proof of [BuS13, Proposition 4.11]. 
5. The case of an irreducible projective curve of arbitrary arithmetic
genus
In this section we denote by C an irreducible reduced projective curve C defined over a
field k, and consider the motivic Hall algebra of C. In the smooth case our result is just a
motivic restatement of the one given in [K97] and explained in [S, §4.11].
5.1. The composition subalgebra. As mentioned at Lemma 3.6, the Hall algebra H(C)
and the extended Hall algebra Hext(C) are Γ-graded, where Γ ⊂ Num(C) is the submonoid
generated by effective classes. We have
Num(C)
∼−→ Z2, E 7−→ (rk(E), deg(E))
as modules, and we denote by k(r,d) with (r, d) ∈ Z2 the element of the extension part of
Hext(C). The Riemann-Roch theorem yields
χ(E ,F) = (1− g) rk(E) rk(F) + rk(E) deg(F)− rk(F) deg(E),
where g is the arithmetic genus of C.
As in the case of P1, the algebra H(C) or Hext(C) is too big to treat, and we will mainly
study the composition subalgebra U(C) and its extended version Uext(C) given in Definition
3.20.
Let us denote by M(0,d) the moduli stack of perfect torsion sheaves of degree d, and by
Mlf,(1,n) the moduli stack of line bundles of degree n. These are substacks of M = M(C),
the moduli stack of perfect coherent sheaves on C.
By definition, U(C) is the subalgebra of H(Csm) generated by elements
1(0,d) := [M(0,d) →֒M] (d ∈ Z≥1)
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and
1ss(1,n) := [Mlf,(1,n) →֒M] (n ∈ Z).
We will replace the generators 1(0,d) by the following elements td.
Definition 5.1. Define td (d ∈ Z≥1) and θl (l ∈ Z≥0) by the generating functions
1 +
∑
d≥1
1(0,d)z
d = exp
(∑
d≥1
td
[d]√L
zd
)
and ∑
l≥0
θlz
l = exp
(
(L1/2 − L−1/2)
∑
d≥1
td
[d]√L
zd
)
.
As stated in [S, Lemma 4.51], one can calculate coproducts of these generators.
Lemma 5.2. For d ∈ Z≥1 and n ∈ Z we have
∆(td) = td ⊗ 1 + k(0,d) ⊗ td,
∆(1ss(1,n)) = 1
ss
(1,n) ⊗ 1 +
∑
l≥0
θlk(1,n−l) ⊗ 1ss(1,n−l).
Proof. This is the same as Fact 4.6. As mentioned in Remark 4.7, the proof works for an
arbitrary curve. 
As for the Hopf pairing (·, ·)H, we have the following formulas.
Lemma 5.3. For any d, l ∈ Z≥1 and m,n ∈ Z we have
(td, 1
ss
(1,n))H = 0,
(td, tl)H = δd,l
[d]√L
d
[C(d)]
Ld − 1 ,
(1ss(1,m), 1
ss
(1,n))H = δm,n
[Picn(C)]
L− 1 .
Here [C(d)] ∈ K(Var/k) is defined by
ζmot(C; z) = exp
(∑
d≥1
[C(d)]
zd
d
)
Proof. The smooth case is stated in [K97] and explained in [S, Lemma 4.52]. We copy the
proof here.
By Definition 3.9 of the pairing (·, ·)H , the first is obvious.
As mentioned in Remark 4.9, the proof of Fact 4.8 works in this case, and we have the
second formula.
For the third formula, note that 1ss(1,n) =
∑
L[ML →֒ M], where L runs over the isomor-
phism classes of line bundles of degree n, and ML denotes the stack for the line bundles
isomorphic to L. Since Aut(L) ≃ k× so that aL = [Aut(L)] = L − 1 ∈ K(Var/k), we have
the result. 
We close this subsection by explaining Kapranov’s result of expressing the relation of
generators of the composition subalgebra in the current form.
Proposition 5.4. Set
x+(z) :=
∑
n∈Z
1ß(1,n)z
n, ψ(z) := exp
(∑
d≥1
t(0,d)
[d]√L
zd
)
.
Then in the algebra U(C) the following relations hold.
ζmot(C;w/z)x
+(z)x+(w) = ζmot(C;w/z)x
+(z)x+(w),
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ψ(z)x+(w) = x+(w)ψ(z),
ψ(z)ψ(w) = ψ(w)ψ(z).
5.2. The slope stability of coherent sheaves on curves. For the future use, in par-
ticular for the discussion of the Hall algebras for elliptic curves, let us recall the notion of
slope stability of coherent sheaves on a projective curve. The slope stability was originally
introduced by Mumford in the smooth case to construct coarse moduli spaces of semistable
coherent sheaves on curves using geometric invariant theory. Here we give statements for ar-
bitrary (not necessarily smooth) projective curves, following Simpson’s generalization [Si94].
Among a large amount of literature on this topic, we only cite [HL] for the detail.
In this subsection C denotes a projective curve defined over a field k. Coh(C) denotes the
category of coherent sheaves on C. For E ∈ Coh(C), the rank rk(E) and the degree deg(E) is
defined by rk(E) := α1(E)/α1(OC) and deg(E) := α0(E)/α1(OC), where αi(−) ∈ Z is given
by the equation χ(−⊗OC(mH)) = mα1(−) + α0(−). Here H denotes the fixed ample line
bundle of C. By the Riemann-Roch theorem, this definition coincides with the classical one
in the case of smooth curves.
Definition 5.5. (1) For E ∈ Coh(C), the slope µ(E) is the rational number defined by
µ(E) := deg(E)
rk(E) ∈ Q ∪ {∞},
where if rk(E) = 0 then we set µ(E) :=∞.
(2) A coherent sheaf E is called semistable if µ(F) ≤ µ(E) holds for any non-zero subsheaf
F ⊂ E . E is called stable if µ(F) < µ(E) holds for any non-zero proper subsheaf
F ( E .
(3) For ν ∈ Q∪{∞}, denote by Sν the full subcategory of Coh(C) consisting of semistable
sheaves of slope ν.
In order to distinguish this notion of stability from others, we call it slope stability. We ob-
viously have S∞ = Tor(C), the category of torsion sheaves on C. Here are some fundamental
properties of semistable sheaves.
Fact 5.6. (1) Hom(Sν , Sν′) = 0 if ν > ν
′.
(2) For any ν ∈ Q∪{∞}, the category Sν is abelian and closed under extension. Moreover
it is a finite length category, i.e., every object has a finite composition sequence with
simple factors, and the simple objects are stable sheaves.
Let us also recall the Harder-Narasimhan filtration.
Fact 5.7. For any E ∈ Coh(C) there exists a unique filtration
0 = E0 ⊂ E1 ⊂ · · · En = E
such that every factor Fi := Ei/Ei−1 is semistable and µ(F1) > µ(F2) > · · · > µ(Fn). It will
be called the Harder-Narasimhan filtration of E .
By the existence and uniqueness of the Harder-Narasimhan filtration, we immediately
have the following statement.
Corollary 5.8. The motivic Hall algebra for C has a decomposition
H(C)
∼−−→
⊕
n
⊕
µ1>µ2>···>µn
H(C)µ1 ⊗ H(C)µ2 ⊗ · · · ⊗ H(C)µn
as K-module. Here for ν ∈ Q ∪ {∞} H(C)ν denotes K(St/Mν), the subalgebra generated
by perfect semistable coherent sheaves with slope ν. (Mν denotes the moduli stack of perfect
semistable coherent sheaves with slope ν.)
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6. The case of a smooth elliptic curve
We now recall the work of Burban and Schiffmann [BuS12] on the Hall algebra of a smooth
elliptic curve. Our review will be done in the motivic version, but the argument is essentially
the same with theirs. Hereafter Esm denotes a smooth elliptic curve defined over a fixed field
k.
6.1. Generalities on coherent sheaves on a smooth elliptic curve. The Euler pairing
on K(Coh(Esm)) is given by
χ(E ,F) = rk(E) deg(F)− rk(F) deg(E).
As for the numerical Grothendieck group Num(Esm) (see (3.2) for the definition), we have
Num(Esm)
∼−−→ Z2
by the map
E 7−→ (rk(E), deg(E)).
Let us recall the Mumford stability explained in the previous subsection §5.2. The exis-
tence of Harder-Narasimhan filtration and Corollary 5.8 tell us that the subcategory Sν of
semistable sheaves of slope ν is the building block of the motivic Hall algebra H(Esm). Now
it is time to recall the fundamental result of Atiyah [A57] on the classification of semisimple
sheaves on elliptic curves. We cite the result in the following form [S, Theorem 4.45].
Fact 6.1 ([A57]). For any ν, ν ′ ∈ Q∪{∞}, there is an equivalence of categories Φν,ν′ : Sµ ∼−→
Sν′ . In particular, Sµ
∼−→ S∞ = Tor(Esm).
Remark 6.2. The equivalence can be realized as a Fourier-Mukai transform [Muk81] on
D
b
coh(Esm), which will be explained in §6.4.
Let us recall that H(Esm)µ = K(St/Mν) denotes the subalgebra of H(Esm) generated by
the semistable sheaves of slope ν (see Corollary 5.8). Fact 6.1 implies that the equivalence
φν,∞ induces an isomorphism between H(Esm)∞ and H(Esm)ν .
Definition 6.3. (1) For ν ∈ Q denote by φ∞,ν : H(Esm)∞
∼−→ H(Esm)ν the isomorphism
of bialgebras induced by the equivalence Φ∞,ν .
(2) For ν ∈ Q and d ∈ Z≥1, define tν,d := φ∞,ν(td), where td ∈ H(Esm)∞ = H(Esm)tor is
given in Definition 3.17.
(3) Denote by U(Esm) the subalgebra of H(Esm) generated by {tν,d | ν ∈ Q ∪ {∞}, d ∈
Z≥1}. Also we define U(Esm)ν := U(Esm) ∩H(Esm)ν for any ν ∈ Q ∪ {∞}.
The last definition looks natural from the view of Atiyah’s result (Fact 6.1). Previously
(Definition 3.20) we defined the composition algebra U(Esm) as the subalgebra of H(Esm)
generated by torsion sheaves and line bundles. Here we have
Fact 6.4 ([SV11]). U(Esm) in Definition 6.3 coincides with the one in Definition 3.20 for a
smooth elliptic curve Esm.
Corollary 6.5 ([BuS12]). (1) The multiplication map induces an isomorphism⊕
n
⊕
µ1>µ2>···>µn
U(Esm)µ1 ⊗ U(Esm)µ2 ⊗ · · · ⊗ U(Esm)µn
∼−−→ U(Esm)
of K-modules.
(2) U(Esm)ν ≃ k[tν,1, tν2, . . .] for any ν ∈ Q ∪ {∞}.
Proof. (1) As in Corollary 5.8, the existence of Harder-Narasimhan filtration implies the
result.
(2) By the isomorphism
φ∞,ν|U(Esm)∞ : U(Esm)∞
∼−→ U(Esm)
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and the description
U(Esm)∞ = k[t1, t2, . . .],
we have the result. 
6.2. The composition subalgebra for smooth elliptic curve. [BuS12] gave a presen-
tation of the double of the algebra U(Esm) which is Z
2-graded and SL(2,Z)-invariant. Let
us state it in the motivic language. Hereafter we assume k is algebraically closed, so that the
formula in Fact 2.8 of Kapranov’s motivic zeta function ζmot(Esm; z) applies. For an elliptic
curve X it is expressed as
ζmot(Esm; z) = 1 +
[Pic0(Esm)]z
(1− z)(1 − Lz) =
(1− q1z)(1− q2z)
(1− z)(1− Lz) ,
where q1 and q2 are conjugate in an algebraic extension of K(Var/k), and satisfy q1q2 = L
and q1 + q2 = L+ 1− [Pic0(Esm)].
Following [BuS12], we introduce several symbols. We will often use the subset
(Z2)+ :=
(
Z≥1 × Z
) ⊔ ({0} × Z≥1)
of Z2 for the grading of U(Esm).
Definition 6.6. (1) For i ∈ Z set
ci := (q
i/2
1 − q−i/21 )(qi/22 − q−i/22 )
[i]√L
i
.
(2) Recalling tν,d in Definition 6.3, set t(r,d) := td/r,gcd(r,d) for (r, d) ∈ (Z2)+.
(3) For x = (r, d) ∈ (Z2)+, set
gcd(x) :=
{
gcd(r, d) if r 6= 0
d if r = 0
.
(4) For x = (r, d) ∈ (Z2)+, set
µ(x) :=
{
d/r if r 6= 0
∞ if r = 0 .
(5) For x,y ∈ (Z2)+, set ǫ(x,y) := sgn(det(x,y)) ∈ {±1}.
Remark 6.7. gcd(x) was denoted by deg(x) in [BuS12].
Obviously U(Esm) is generated by the elements {t(r,d) | (r, d) ∈ (Z2)+}.
Fact 6.8 ([BuS12]). By the assignment tr,d 7→ T(r,d) for (r, d) ∈ (Z2)+, the composition
subalgebra U(Esm) is isomorphic to the associative algebra generated by the elements
{Tr,d | (r, d) ∈ (Z2)+}
subject to the following relations.
(1) If x,y ∈ (Z2)+ satisfy µ(x) = µ(y), then [Tx, Ty] = 0,
(2) If x,y ∈ (Z2)+ satisfy gcd(x) = 1 and if there is no interior lattice point in the
triangle with vertices 0, x and x+ y in Z2, then
[ty, tx] = ǫx,ycgcd(y)
θx+y
L1/2 − L−1/2 ,
where θx’s are defined by the generating series∑
i≥1
θix0z
i = exp
(
(L1/2 − L−1/2)
∑
j≥1
tjx0z
j
)
for x0 ∈ (Z2)+ with gcd(x0) = 1.
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We will not give the detail here. The proof in [BuS12] utilizes SL(2,Z)-action on the
reduced Drinfeld double of U(Esm), which is explained in the next subsection.
6.3. The Drinfeld double. The reduced Drinfeld double DredU(Esm) of the U(Esm) for a
smooth elliptic curve Esm is determined by [BuS12]. It has the grading with respect to the
subset
(Z2)∗ := Z2 \ {(0, 0)} = (Z2)+ ⊔ (Z2)−,
of Z2, where (Z2)− := −(Z2)+ = {(r, d) ∈ Z2 | r < 0 or (r = 0 and d < 0)}. We will use the
notation x = (r, d) for an element of (Z2)∗, and define deg(x) ∈ Z and µ(x) ∈ Q⊔ {±∞} as
in Definition 6.6. Precisely speaking, we have
Definition 6.9. (1) For x = (r, d) ∈ (Z2)∗, set
gcd(x) :=
{
gcd(r, d) if r 6= 0
d if r = 0
.
Thus we have deg(x) ∈ Z>0 for x ∈ (Z2)+ and deg(x) ∈ Z<0 for x ∈ (Z2)−.
(2) For x = (r, d) ∈ (Z2)∗, set
µ(x) :=

d/r if r 6= 0
∞ if r = 0 and d > 0
−∞ if r = 0 and d < 0
.
(3) For x,y ∈ (Z2)∗, set ǫ(x,y) := sgn(det(x,y)) ∈ {±1}.
(4)
ǫ(x) :=
{
1 if x ∈ (Z2)+
−1 if x ∈ (Z2)− .
Fact 6.10 ([BuS12]). DredU(Esm) is isomorphic to the associative algebra generated by the
elements {t(r,d) | (r, d) ∈ (Z2)∗} and {kr,d | r, d ∈ Z} modulo the following relations.
(1) kr,dkr′,d = kr+r′,d+d′ ,
(2) If x,y ∈ (Z2)∗ satisfy µ(x) = µ(y), then
[tx, ty] = δx,−ycgcd(x)
kx − k−1x
L1/2 − L−1/2 .
(3) If x,y ∈ (Z2)∗ satisfy gcd(x) = 1 and if there is no interior lattice point in the
triangle with vertices 0, x and x+ y in Z2, then
[ty, tx] = ǫx,ycgcd(y)kα(x,y)
θx+y
L1/2 − L−1/2 ,
where α(x,y) is given by
α(x, y) :=

1
2
ǫx
(
ǫxx + ǫyy − ǫx+y(x+ y)
)
if ǫx,y = 1
1
2
ǫy
(
ǫxx + ǫyy − ǫx+y(x+ y)
)
if ǫx,y = −1
and θx is determined by∑
i≥1
θix0z
i = exp
(
(L1/2 − L−1/2)
∑
j≥1
tjx0z
j
)
for x0 ∈ (Z2)+ with gcd(x0) = 1.
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As mentioned in the previous subsection. the proof in [BuS12] utilizes the SL(2,Z)-
action. Notice that the relations of the algebra in the above Fact are obviously SL(2,Z)-
(quasi)invariant. The SL(2,Z)-action on DredU(Esm) comes from the autoequivalences of
Dbcoh(Esm), which will be explained in the next subsection.
Finally we relate DredU(Esm) to the quantum toroidal algebra for gl1.
Fact 6.11 ([BuS12, Theorem 5.4]). The algebra given in Fact 6.10 is isomorphic to the
gl1-quantum toroidal algebra U¨ after tensoring coefficient field. Thus we have
DredU(Esm)
∼−−→ U¨⊗Q(q1,q2) K.
Here recall that K = K(St/k)[L±1/2], and U¨ is considered as an algebra defined over
Q(q1, q2) with q3 = q
−1
1 q
−1
2 . The ring homomorphism Q(q1, q2) → K is given by mapping q1
and q2 to the inverse of zeros of the motivic zeta function
ζmot(Esm; z) =
1 +
(
L+ 1− [Pic0(Esm)]
)
z + Lz2
(1− z)(1− Lz) =
(1− q1z)(1 − q2z)
(1− z)(1− Lz) .
Proof. Let us explain the outline of the proof explained in [BuS12]. Notice that the relations
in Proposition 5.4 coincides with those of U¨ except the Serre-like relation. Let us denote
by U¨′ the algebra generated by the same generators in U¨ satisfying the relations except the
Serre-like relation. Denote by U˜ the algebra given in Fact 6.10. Then one can find that
there is a surjection U¨′ ։ U˜. By the analysis of the convex paths in Z2 (corresponding to
Harder-Narasimhan filtrations of coherent sheaves on Esm), one can show that the Serre-like
relation coincides with the kernel of the above surjection. See [S12] for the precise account
for this analysis. 
6.4. The automorphism. The Drinfeld double DredU(Esm), or more generally DredU(Csm)
for a smooth curve Csm, may be considered as the Hall algebra of the root category R(Esm) :=
D
b
coh(Esm)/[1]
2, where [1] denotes the shift of complexes, and the quotient symbol means
taking the orbit category. This idea is realized in the recent work of Bridgeland [Br13]. In
this paper we will not treat this approach and use the definition of Drinfeld double itself.
Let us recall that the description of the group Aut(Dbcoh(Esm)) of auto-equivalences of
Dbcoh(Esm) for a smooth elliptic curve Esm defined over a field k. We will also mention some
generalities on Fourier-Mukai transforms. The basic references are [BBH] and [H].
By the fundamental result of Orlov [O97], For any smooth projective variety X defined
over a algebraically closed field k, every auto-equivalence of Dbcoh(X) can be realized as a
Fourier-Mukai transform [Muk81]. Let Y be another smooth projective variety and F be
an object of Dbcoh(X × Y ), namely a bounded complex of coherent sheaves on the product
variety X × Y . Then the functor ΦF : Dbcoh(X)→ Dbcoh(Y ) is defined to be
ΦF(−) := RpY ∗
(F L⊗ p∗X(−)),
where pX : X ×Y → X and pY : X ×Y → Y are natural projections and the symbols RpY ∗
and
L⊗ denote the derived functors. We call this functor a Fourier-Mukai transform if it gives
an equivalence of categories.
It is also known by [O02] that for a (smooth) abelian variety A, any smooth projective
variety X with equivalent derived category Dbcoh(X) ≃ Dbcoh(A) is also a smooth abelian
variety of the same dimension, and moreover if Esm is a smooth elliptic curve, then X is
isomorphic to Esm. Thus Aut
(
Dbcoh(Esm)
)
is generated by Fourier-Mukai transforms ΦF with
F ∈ Dbcoh(Esm × Esm).
For any smooth projective variety Y , we have natural equivalences of Dbcoh(Y ) given by
• the shift [1] of complexes,
• automorphism of Y ,
• tensoring with a line bundle of degree 0.
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These can be also realized by Fourier-Mukai transforms, and consist the subgroup Z ⊕
Aut(Y ) ⋉ Pic0(Y ) of Aut(Dbcoh(Y )). Let us define the group FM(Y ) by the short exact
sequence
1 // Z⊕ Aut(Y )⋉ Pic0(Y ) // Aut(Dbcoh(Y )) // FM(Y ) // 1 . (6.1)
If A is an abelian variety, then a set of generators of FM(A) is given by {ΦF}, where F ’s
are the universal family of semi-homogeneous sheaves.
In the case of a smooth elliptic curve Esm, the description of FM(Esm) is extremely simple,
and the result is
FM(Esm) = 〈TO,ΦP〉 ∼−→ SL(2,Z). (6.2)
Here we denoted by TO the spherical twist by the structure sheaf O = OEsm , which is defined
by
TO(−) := Cone
(
RHom(O,−)⊗O ev−−→ −).
We also denoted by ΦPEsm the Fourier-Mukai transforms defined by the Poincare bundle
PEsm on Esm × Pic0(Esm). (PX is the universal family of the Jacobian variety Pic0(X)).
One can understand the isomorphism (6.2) in terms of K-theoretic Fourier-Mukai trans-
forms ΦKF , which is the automorphism on the Grothendieck group
K(Dbcoh(Esm)) = K(Coh(Esm))
induced by ΦF . We can further consider the induced automorphisms on the numerical
Grothendieck group Num(Esm).
Denote it by tO and φP the automorphisms on Num(Esm) induced by TO and ΦP . Since
Num(Esm) ≃ Z2, they can be realized as matrices. The result is
tO =
(
1 −1
0 1
)
, φP =
(
0 −1
1 0
)
.
In fact. this argument gives us a homomorphism FM(Esm) → SL(2,Z) of groups, and one
can show that it is indeed an isomorphism.
Now note that the part Aut(Esm) ⋉ Pic
0(Esm) acts trivially on DredU(Esm). Thus it is
natural to consider the action of Z (generated by shifts of complexes) and FM(Esm) on on
DredU(Esm). By the description (6.1) and (6.2), these parts coincide with the universal over
ŜL(2,Z) of SL(2,Z), which sits in the short exact sequence
1 // Z // ŜL(2,Z) // SL(2,Z) // 1 ,
acts on the algebra DredU(Esm).
To write down the ŜL(2,Z)-action, we need to introduce the winding number. Note that
we can lift the natural SL(2,Z)-action on the circle S1 = PR1 = (R2 \ {0})/R>0 to an
ŜL(2,Z)-action on R by the identification S1 = R/2Z.
Definition 6.12. (1) For a (r, d) ∈ Z∗, denote by (r : d) the corresponding element of
S1 = PR1, and by (r : d) ∈ R any lift of (r : d).
(2) For a slope d/r ∈ Q⊔{±∞} and an element γ ∈ ŜL(2,Z), define the winding number
w(γ, d/r) ∈ Z by
w(γ, d/r) :=
#
(
Z ∩ [(r : d), γ((r : d))]) if (r : d) ≤ γ((r : d))
−#
(
Z ∩ [(r : d), γ((r : d))]) otherwise .
Here
[
(r : d), γ((r : d))
]
denotes the interval between (r : d) and γ((r : d)) in R.
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Fact 6.13 ([BuS12, (6.16)]). The group ŜL(2,Z) acts on DredU(Esm) by
γ(kx) = kγ(x), γ(tx) = tΦ(x)k
w(γ,µ(x))
γ(x)
for γ ∈ SL(2,Z),
Remark 6.14. For the ordinary Hall algebra Hext(A) of a finitary abelian category A, the
existence of the action of Aut(Db A) on the Drinfeld double of the algebra is shown by Cramer
[C10].
Finally we can state the second main result of [BuS12].
Fact 6.15 ([BuS12]). The Fourier-Mukai transform ΦP with the Poinvare bundle as its
kernel induces the algebra automorphism ΦH = θ on DredU(Esm) = U¨⊗K.
7. The case for irreducible projective curves of arithmetic genus one
In this section we will give the main result of this paper. We investigate the motivic-Hall
algebras for singular irreducible projective curves of arithmetic genus one, namely, a singular
elliptic curve with a node or a cusp. The final result will be quite similar to the smooth
elliptic case.
In this section k denotes a fixed algebraically closed field of characteristic zero. C denotes
an irreducible reduced projective curve over k, so that it may be singular.
7.1. Semistable sheaves on singular elliptic curves and Fourier-Mukai transforms.
We follow [BuK06] for the description of semistable sheaves on C.
The numerical Grothendieck group Num(C) is isomorphic to Z2 as modules by the homo-
morphism
Num(C)
∼−−→ Z2, E 7−→ (rk(E), deg(E)).
Recalling §5.2, we denote by µ(E) := deg(E)/ rk(E) the slope of E ∈ Coh(C), and consider the
slope stability of coherent sheaves. Denote by Sν the full subcategory of Coh(C) consisting
of semistable sheaves of slope ν.
Here is the fundamental fact on the semistable sheaves on C.
Fact 7.1 ([BuK06, Corolary 4.3]). For any ν ∈ Q ∪ {∞}, the category Sν is equivalent to
the category S∞ = Tor(C) of torsion sheaves.
The equivalence is realized by Foruier-Mukai transform. Recall the exact sequence (6.1).
1 // Z⊕ Aut(C)⋉ Pic0(C) // Aut(Dbcoh(C)) // FM(C) // 1 .
By [BuK05], the subgroup of FM(C) generated by the spherical twists TOC and TOx0 , where
x0 is a regular point of C, is isomorphic to SL(2,Z).
In the category S∞ = Tor(C), the stable sheaf is precisely the structure sheaves Ox of
closed points x of C. If C is singular with one singular point s, then all the structure sheaf
Os is the unique non-perfect stable sheaf in S∞.
As a consequence of Fact 7.1, for each ν ∈ Q ∪ {∞} there is precisely one object of Sν
which is stable but not perfect.
7.2. Motivic zeta function. Here we study the motivic zeta functions for irreducible curve
of arithmetic genus one. Recall that k denotes an algebraically closed field of characteristic
zero, and E denotes an irreducible reduced projective curve of arithmetic genus 1 over k.
Proposition 7.2. The motivic zeta function ζmot(E; z) of the curve E has the form
ζmot(E; z) =
1 + az + Lz2
(1− z)(1 − Lz)
with a ∈ K(Var/k).
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Proof. It follows from the result of [AP96], where the result was shown for the ordinary
Hasse-Weil zeta function in the case when E is defined on the finite field Fq. 
7.3. The composition subalgebra. Now we consider the motivic Hall algebra for a pro-
jective curve E of arithmetic genus 1. Recall Definition 3.20 in §3.5 where we defined the
composition subalgebra U(E). On the reduced Drinfeld double of U(E), we have a similar
result as in the case of a smooth elliptic curve. Let U¨ be the gl1-quantum toroidal algebra
considered to be defined over Q(q1, q2).
Theorem 7.3. DredU(E) is isomorphic to U¨ ⊗Q(q1,q2) K. Here the ring homomorphism
Q(q1, q2) → K = K(St/k) is defined by mapping q1 and q2 to the inverse of the zeros of the
motivic zeta function of E. Namely we put
ζmot(E; z) =
(1− q1z)(1 − q2z)
(1− z)(1− Lz) .
Proof. As mentioned at Fact 6.10, the isomorphism DredU(Esm) ≃ U¨ ⊗ K, comes from the
SL(2,Z)-action. As we observed in §7.1. we have that action on DredU(E). Proposition 5.4
claims that the relation on the composition subalgebra only depends on the motivic zeta
function ζ − a; z). Since by Proposition 7.2 ζ(E; z) and ζ(Esm; z) have the same form, we
know that the generators of U(E) satisfy the same relations as U(Esm). Thus DredU(E) has
the same description as DredU(Esm) has in Fact 6.10. 
By the comparison of the Fourier-Mukai transforms, we also have
Theorem 7.4. There is a Fourier-Mukai transform inducing the algebra automorphism θ1
on the algebra DredU(E) = U¨⊗K.
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